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Abstract 

A model of 3-dimensional topological quantum field theory is 
rigorously constructed. The results are applied to an explicit 
formula for deformation quantization of any finite-dimensional Lie 
bialgebra over the field of complex numbers. This gives an explicit 
construction of "quantum groups" from any Lie bialgebra, which was 
proven without explicit formulas in [EK] . 

Introduction 

The most ideal goal of this paper would be a construction of an Loo-structure on the 
Gerstenhaber-Schack complex KQg{A) of a (co) associative bialgebra A and a proof of its 
formality for A = S{V*), the free commutative cocommutative bialgebra of polynomial 
functions on a finite-dimensional vector space V. Below in the Introduction it is explained 
what part of this project is realized here. 

First of all, let us recall the definitions. A (co) associative bialgebra ^ is a vector space 
endowed with two operations, *: A and A: ^ — >■ yl®^, called the product and 

the coproduct, correspondingly. These operations should obey the following 3 axioms: 

(i) (a * b) * c = a * {b * c) for any a,b,c (z A (the associativity), 

(ii) (A (g) 1) o A(a) = (1 A) o A(a) for any a (z A (the coassociativity), 

(iii) A(a * 6) = A(a) * A(6) for any a,b G A (the compatibility) 

(Here in the r.h.s. of (iii) the product * on is defined as (oi (g) 02) * (61 (8) 62) = 
(ai * 61) (g) (02 * 62)). 

Notice that a (co) associative bialgebra could not have the (co)unit and the antipode. 

In the case of an associative algebra A there is the well-known construction of the 
Hochschild cohomological complex Hoch*(j4) and the Gerstenhaber bracket on it which 
makes Hoch*(j4) a dg Lie algebra. This dg Lie algebra plays a fundamental role in the 
deformation theory of associative algebras. Namely, the deformation functor associated 



with this dg Lie algebra describes the deformations of the algebra A in the class of 
associative algebras (more precisely, it describes the deformations of the category of A- 
modules). Roughly, it means that for a cochain ^ E Homc(j4®^,^) = Hoch^(j4) the 
Maurer-Cartan equation 

d^ + ^[^,^]=0 (1) 

in Hoch'(74) is equivalent that the product a*b = a*b + ^{a, b) is again associative (see, 
e.g. [Kl] for details). 

There is a complex which could be considered as analog of Hoch*(74) in the case 
of (co) associative bialgebras, namely, the Gerstenhaber-Schack complex KQg{A) [GS]. 
Recall that 

K'GsiA) = Homc(A®'", A^^)[-m -n + 2] (2) 

m,n>l 

(in the agreement with the usual notations, (-L*[s])'^ = L''^'^^; in particular, if A has only 
degree 0, Homc(yl®™', ^®")[— m — n + 2] has degree m + n — 2). In particular, if A has only 
degree 0, K};g{A) = Rom{A'^'^,A)eRom{A,A®^). In [GS], Gerstenhaber and Schack 
constructed a differential on Kq^^A) for any bialgebra A such that the first cohomol- 
ogy ll^{KQg{A)) is isomorphic to the infinitesimal deformations of the (co)associative 
bialgebra structure on A. 

Even the first attempt to construct a Lie algebra structure on Kq^^A) which would 
describe the global deformations of (co)associative bialgebras via the Maurer-Cartan 
equation jT} fails. Indeed, consider ^'i + Ai G Rom{A'^'^ , A) IIom(^, A®'^) = K}.g{A). 
The Maurer-Cartan equation for any possible bracket is quadratic in \I'i,Ai, while the 
r.h.s. of the compatibility equation (iii) in the definition of (co) associative bialgebra 
above is of the 4th degree in \I'i, Ai. Therefore, the best we can expect is the existence of 
an Loo-algebra structure on KQg{A) with the first component equal to the Gerstenhaber- 
Schack differential. Recall that an Loo-algebra on a Z-graded vector space L* is an 
odd vector field Q of degree +1 on the space L*[l] such that = 0. There exists a 
deformation theory associated with an Loo-algebra: the Maurer-Cartan equation is 
replaced by the equation 

{7 G L^ such that Q\^ = 0} (3) 

It would be very nice to construct such an odd vector field Q on Lr^^(^)[l] such that the 
generalized Maurer-Cartan equation (jSJ describes exactly the (co) associative bialgebras. 
This problem still remains to be open. 

If we would find an Loo-structure on KQg{A) and prove explicitly the formality 
of it in the case when A = S(V*) (like it is done in [Kl] in the case of associative 
algebras), we immediately would get an explicit construction of "quantum groups" from 
the infinitesimal datum-a Lie bialgebra structure on V. The theorem that any Lie 
bialgebra can be quantized was proven without explicit formulas in [EK]. 
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In the present paper we find an explicit formula for the deformation quantization 
of any Lie bialgebra V. For this, we find an analog of the formality equation for 
KQg{S{V*)), but with unknown Loo-structure. We derive this "formality" from the 
Stokes formula in some rigorously defined in the paper " 3-dimensional topological quan- 
tum field theory". This "formality" equation is not the formality in the proper sense, 
because we do not know the Loo structure which is supposed to be formal, but it is 
enough to quantize any Lie bialgebra V. 

To construct the "3-dimensional topological quantum field theory", we construct a 
compactification of the Kontsevich spaces K{m, n) and of the extended Kontsevich spaces 
K{m, n; s). In the case of associative algebras, the analog of K{m, n) is the Stasheff space 

St„ = {(pi, . . . ,p„) G M,Pi < Pj for i < j}/G^^^ (4) 
where the 2-dimensional group is the group of transformations 

G^'^^ = {x^ax + b, aeR+,beR} (5) 

Actually, the whole deformation theory of associative algebras is contained in the 
geometry of the Stasheff compactification St„ of the spaces St„. Namely, the chain 
operad M* = 0jj>2 C'»(Stn) in the realization by the Stasheff cells is free and is a 
minimal model of the operad Assoc of associative algebras. Then, the application of 
the Markl's construction from [Ml] to this minimal model gives exactly the Hochschild 
complex with the Gerstenhaber bracket. 

Unfortunately, wc have not so nice description for our compactification K(m,n). We 
hope to understand the geometry of this compactification better in next papers. Now 
we have the description of all strata of codimension 1. Just notice here that it is not 
the CROC compactification from [Shi] we suppose to be related with the unexisted 
theory of non-commutative deformations, but rather a Stashcff-type compactification. 
In particular, it is exactly the Stasheff compactification when m = 1 or n = 1. 

In the case of associative algebras, an approach alternative to the explicit description 
of the chain operad as a minimal model (and which gives much more strong results) is the 
Kontsevich approach [Kl]. Kontsevich "extends" the Stasheff space to a 2-dimensional 
configuration space Cm,n and constructs its compactification Cm,n extending the Stasheff 
compactification. The space Cm,n is the configuration space of m non-coinciding points 
at the upper half-plane and of n points at its boundary M. Kontsevich gives in [Kl] 
from this compactification a rigorous description of some particular case of the AKSZ 
model of topological quantum field theory on an open disk. For this, he constructs an 
appropriate "propagator" as a closed 1-form on 6*2,0 • Within this approach, the Stokes 
formula gives "some relation" even if we would not know about the Gerstenhaber bracket. 
More precisely, the Gerstenhaber bracket is the only one which makes this equation to 
be a formality equation. 

In this paper we follow the Kontsevich approach. We extend our compactification of 
the 1-dimensional configuration space K{rn, n) to a compactification of a 3-dimensional 
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configuration space K(m, n; s) (which is the analog of the upper half-plane in the case 
of associative algebras). We construct all ingredients of a model of the 3-dimensional 
topological quantum filed theory from this compactification. We construct a propagator 
as a closed 2-form with singularities on K{0, 0; 2) which degenerates to a closed 1-form in 
some limit. Then we associate some closed forms (with singularities) to the admissible 
graphs and apply the Stokes formula. 

In this way, we replace the Gerstenhaber-Schack complex KQg{A) to a homotopically 
equivalent complex KQg{A). The definition of KQg{A) itself depends on our compacti- 
fication K{m,n). 

The Stokes formula gives an equation which we would like to interpret as the "for- 
mality of Loo-morphism" . The further research should shed some light to this claim. 

The good problems (if you like, it is a definition of a good problem) in mathematics 
are valuable not only by themselves, but mostly by new ideas which appear when one tries 
to solve them. The author is sure that deformation theory of (co) associative bialgebras 
is a good problem. As far this problem is still not solved, one can expect that it will 
grow many further ideas. From this point of view the main idea of this paper is the 
introduction of the complex B**{m,n). Probably, the problem studied here is the first 
problem where the introduction of it is really necessarily. We formulated Conjectures 1,2 
in Section 1 which formalize which properties we need from this structure in a possible 
greater generality. We think that technically the introduction of this bicomplex is the 
main new thing invented in the paper. 

1 The Kontsevich spaces K{m,n), their Stashef f-type 
compactification, and the homotopical 
Gerstenhaber-Schack complex. 

1.1 The compactification 

First of all, recall the definition of the spaces K(m, n) due to Maxim Kontsevich (see 
also [Sh]). We show in the sequel that these spaces and its compactification introduced 
below play a crucial role in the deformation theory of (co) associative bialgebras. 
First define the space Conf (m,n). By definition, m,n > 1, m + n > 3, and 

Conf(m, n) = {pi, ...,Pm& ^^^\pi < Pj for i < j; 

qi,...,qneR^'^\qi<qj for i < j} (6) 

Here we denote by R^^^ and by R^^^ two different copies of a real line R. 

Next, define a 3-dimensional group acting on Conf(m,n). This group is a semidi- 
rect product = R^ x M+ (here R+ = {a; G R, x > 0}) with the following group law: 

(a', b', A') o (a, 6, A) = (A'a + a', {X')~^b + b', XX') (7) 
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where a, b, a' ,b' G M, A, A' G R+. This group acts on the space Conf(m, n) as 

(a, 6, A) ■ {pi,...,Pm;qi,---,qn) = (Api +a,...,Xpm + a;X'~^qi + b, . . . , X'^qn + b) (8) 

In other words, we have two independent shifts on R^^^ and R^^^ (by a and b), and M+ 
dilatates R(^) by A and dilatates M^^) by A^^ 

In our conditions m,,n > l,m + n > 3, the group acts on Conf (m,n) freely. 
Denote by K(m, n) the quotient-space. It is a smooth manifold of dimension m + n — 3. 

We will need also the spaces Kmi,'.'.'!^mi-^ introduced below. Recall here our definition 
of the space Kmi,..'^mi^ (generalizing the Kontsevich space K(m,n)) from [Sh]: 

Fist define the space Conf^^^^'^^^J^,^^^ . By definition, 

mi,...,m,j _ 

'-^onr„j,...,n^^ — 

{p\, ...,pl^e R^'''\pI . . . ,pI^ e M(^'2), ...,pt... J^^^ G M(^'^^); 
, . . . , G R(^'^) , , . . . , G R(2'2) . . . , . . . , G R(2.^^) | 

T^i^ < Pi2 for ii<i2\4i< ^2 h <i2} (9) 

Here M^*'-^) are copies of the real line M. Now we have an £i + £2 + 1-dimensional group 
(5^1 A, 1 acting on Conf^j^,'.'^^^^^ . It contains £1 +£2 independent shifts 

pI !->■ pp. + aj,i = 1, . . . , mj,aj G R; >->■ q^^ + bj,i = 1, . . . , nj,bj G M 

and one dilatation 

pI X ■ pI for all ^ X"^ ■ for all 

This group is isomorphic to R^i+^2 k R+. We say that the lines R(1'1), M(1'2), . . . ,r(1''^i) 
(corresponding to the factor A) are the lines of the first type, and the lines 
]^ (2,1) ^ ]^(2,2) 1^(2,^2) (corresponding to the factor A~^) are the lines of the second 
type. 

Denote 

We are going to construct a compactication K(m,n) of the space K(m,n). First 
consider the simplest examples. 

Example 

Consider the case when {m,n) is (1,3) or (3,1). Then the spaces K{1,3) or i^(3, 1) are 
the Stasheff spaces with 3 points. We compactify them as the corresponding Stasheff 
polyhedra to the unit closed interval. More generally, the space K(m, 1) (or K{l,m) in 
the compactification defined below is the Stasheff polyhedron St^ with m points. 
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Example 

Let m = n = 2. Then the space K(2,2) is 1-dimensional. It is easy to see that {p2 — 
Pi) ■ (92 — Qi) is preserved by the action of G^, and it is the only invariant of the G^- 
action on K(2, 2). Therefore, K(2, 2) 2± M+. There are two "limit" configurations: 
{P2 ^ Pi) ' iQ2 ^ Qi) ^0 and {p2 — Pi) ■ {Q2 — Qi) — > 00. Therefore, the compactification 
K(2,2) ~ [0, 1]. See Figure 1 below: 

CXJ^ 00 



1 cm 1 cm 



Figure 1: The two limit points in K{2,2) 



Remark. The Kontsevich's insight when he introduced the spaces K{m,n) was that 
the left picture in Figure 1 "should give" the l.h.s of the compatibility equation in the 
definition of (co)associative bialgebras, A(a*6), and the right picture in Figure 1 should 
give the r.h.s. A(a) * A(5) of the compatibility equation. It will be more clear in the 
next Se ction when we define the compactification of the extended Kontsevich spaces 
K(m, n; s). 

Now having in mind the two previous examples, we define the compactification in 

the general case. 

Consider the set Si^s consisting from all possible samples of 1 point among the m 
points at the first line in K{m,n) and of 3 points among the n points at the second line 
in K{m, n). For any a G Si^3 we have a map 

r^: Kim,n) ^ K{1,3) (11) 

Analogously, we define the sets ^3^1 and ^2,2 as the sets of all samples of 3 points at 
the first line and 1 point at the second line, and of all samples of 2 points at each line, 
correspondingly. For any a G we have the map r<j : K{m, n) — > K{3, 1), and for any 
(7 € E2,2 we have the map r„ : K{m, n) K{2, 2). 

Now consider the map which is the product of all over all possible a. It is a map 

r= H ra:K{m,n)^ J] i^(l,3)^x J] K{3,1)^ x J] i^(2,2)^ 

o-eSi,3UE3,iUS2,2 o-eSi,3 o-eS3,i o-eS2,2 

(12) 
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(Here the lower index a in the r.h.s. just indicates the copy of the space associated with 

It is clear that the map r is an imbedding. Now we can compactify the image, 
naGEi,3 -^(1>3)^ X riaeSa.i ^(^^ 1)<7 X l\aeT.2,2 ^(2)2)a, compactifying each factor as in 
the Examples above. We get an imbedding r of K{m, n) to a compact space (actually, 
a product of closed intervals). We define the compactification K{m,n) as the closure of 
the image of the map r. The following lemma shows that the obtained compactification 
is of the Stasheff-type: 

Lemma. (i) The space K{m,n) is a manifold with comers, 

(a) any stratum of codimension 1 has the form as is shown in the Figure 2 below: 
Here in the Figure 2 mo points at the first line move close to each other in the 

scale ^ and other points at this line are in finite distance from each other, and 
ni "external" points at the second line m,ove infinitely far from, each other with the 
scale oo (here this oo and oo in the fraction ^ above are "the same"), and other 
"internal" Uq = n — ni points are in finite distance fro m eac h other. Notice that 
after the application of the transformation (0,0, oo) G "G^S)" the picture on the 
first line after the transformation hecom.es as the picture on the second line before 
the transformation, and wise versa. This stratum of codimension 1 is canonically 
isomorphic to K^^^^^''-' x i^r,tli,-o,i,...,i- 




Oq points 



i 



mipoints 
fuiite distance 



1 



hIq points 



Figure 2: A typical stratum of codimension 1 
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Proof. We call a 4-point ratio the image of any map defined above. It corresponds a 
real number to a sample of 1 point on the first line and 3 points on the second line, or 
to a sample of 3 points on the first line and 1 point on the second line, or to 2 points on 
each line. 

Consider the maximal open strata in K(m, n) which is, by definition, the image of 
K{m,n) under the imbedding r (before taking the closure). It is clear that the minimal 
number of 4-point ratios we should know to reconstruct the configuration which belongs 
to the maximal open stratum is exactly m + n — 3, the dimension of this open stratum. 
Moreover, we can introduce coordinates on it using the 4-point ratios. 

Now define all /c-dimensional strata in K{m, n) as the limit configurations which we 
can reconstruct from k of 4-point ratios {k < m + n — ?>) and can not reconstruct by 
any I < k 4-point ratios. It is in general nonconnected space, the connected components 
of which we call the strata of dimension k. We can use the 4-point ratios to introduce 
coordinates on it. It is clear that in this way we get a manifold with comers. 

One easily sees that the strata like the stratum drawn in Figure 2 are uniquely defined 
hy m + n — A 4-point ratios and not less of them, and they exhaust all such strata. □ 

Now we are going to attach to the strata of codimension 1 some operations on the 
Gerstenhaber-Schack space KQg{A) for any A. 

1.2 The strata of codimension 1 and operations on KQg{A) 

We first define the operations in a bit bigger generality than we will really need in 
the sequel. These operations is a particular case of Markl's fractions in [M2], and we 
independently introduced in the context of CROCs in [Shi]. 
Let y be a vector space. Suppose we have 



Gi G Hom(F®^i, 62 G Hom(F®^^ F®^^), . . . , G Hom(F®^^i , F®^^), 



we are going to define their composition which belongs to 



Hom(F®^i+-+^*i , y®^i+-+^«2). Denote m = Mi + ■ ■ ■ + Me,, n = Ni + ■ ■ ■ + M^^. 



*i G Hom(F®^i, *2 e Hom(y®^i, 



G Hom(y®^i,F®^^2) 



and 



The construction is as follows: 
First define 



F{vi '^■■■I^Vm)-- = Ol{vi (g) ■ ■ ■ (8> VMi) 02ivMi+l <^ 

(g)e£2(uMi+-+M,j_i+i ■■ 



■ ■ 1^ VM1+M2) ^ ■ ■ ■ 

®VM,+-+Me,)&V^^^^^ (13) 
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Now we apply {*i}'s to this element in y^^i^a. define an element G: y®^i^2 y®" 
as follows: 

G{vi (8) t;2 <8) ■ ■ ■ (8) v^i^J ^^^a+i <X) ■ ■ ■ O ?^^2{^i-i)+i) 

*2(^^2 ® vi^^2 • • • ® ^;£2(^i-i)+2) (g) • • ■ (g) "^iMi ® ^2^2 (8) • ■ ■ e "V^®". (14) 
Define now 

Q{vx ^■■■®Vyn)--Go F{vi '^■■■^Vm) e F®" (15) 

By definition, the element Q is the composition q^q^^ € Hom(y^™, V^^). 

In [Shi], we introduced these compositions to associate operations on Kq^ with the 
strata of codimension 1 in K{m,n)Q in the CROC compactification. In the case of 
the compactification introduced here, wc need only the following particular case of the 
construction above. Consider ii = mi + 1, ^2 = ^i-i + 1 in the notations of Lemma above, 
and all from Mj's are equal to 1 except a one which is equal to mo, and also all Nj^s 
are equal to 1 except one which is equal to no- The reader could remind the Figure ... 
above. 

Our (unrealized) goal is to construct an structure on KQg{V) (we can consider 
y as a (co) associative bialgebra with product and coproduct). According to this 
goal, we would like to consider the operations q|q^ " q^^ as candidates for components of 

an Loo structure on KQg{V). The first thing we should check is the grading condition, 
and even here we runs to troubles. Indeed, an operation is an operation of the form 
/ymi+ni+2g. _^ _ + 1) - (ni + 1)] where q' = KQg{V) with the natural grading 

deg Hom(F®"*, F®") = m + n - 2 (16) 

Denote A = {J2i deg "^i + J2j ©j) ~ '^i ~ '^i ^ = ^0 + "t-i + uq + ni — 2. We 
would have the correct Loo gradings iS A = B. Denote the defect A — B by D. We have: 
A = 2m\ni + mo + no — 2, D = 2mini — m\ — ni. We see that the defect D = iff 
(mi, ni) = (0,0) or (1,1). 

In the next Subsection we introduce a complex K'QgiV) quasi- isomorphic to the 
graded space KQg{V) and redefine the operations q|q^" on it such that they will be 
compatible with the Loo rule of degrees. 

1.3 The homotopical Gerstenhaber-Schack space 

For each (m, n), m, n G m, + n > 3 introduce the bicomplex B'*{m, n) as follows: 

Denote by 0,^{a) the dc Rham complex of smooth differential forms on a stratum a 
of the manifold with corners K{m, n) which can be continued to the normalization of the 
pair {(J, a). Here by the normalization we mean a compact space anorm with a projection 
^norm ^ ^ which is a 1-1 map over the open stratum a and which separates the points 
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Figure 3: A stratification of the circle and its normalization 

of the boundary a\a which arc limits of points which are far from each other on a. For 
example, consider the stratification of the circle drawn in Figure 3 below. Here we have 
the two strata: the stratum a and the point. The normalization oia here is noi the circle 
a, but an interval. Namely, we separate the two boundary points of W. In particular, 
r2_|_(cj) are not the forms on the circle, but the forms on the closed interval, they could 
have two different limits on the two boundary points. In the chain differential below we 
take the difference of the restrictions of a function (a 1-form) in the two boundary points 
in Figure 3. 
We set: 

B"{m,n)= 0+(a)[dimCT] (17) 

(7£K (Tn,n) 

We consider the two differentials of degree +1 on B"{m,n): the first is the de Rham 
differential, and the second —d is the chain differential in K{m, n) acting on cr's with the 
opposite sign. The total cohomology of these two differentials is clearly 1-dimensional 
in the grading and otherwise. Denote by [cjJq- a differential form on a stratum 
a considered as an element in B**{m,n). It is clear that deg[a;]a- = degu; — dimcr. In 
particular, the bicomplex B**{m,n) is Z<o-graded. We denote just by [u] a differential 
form on the top degree open stratum. 
Introduce 

K'as{V)=ilom{V,V)[0]® Hom(F®"*,y®")®B"(m,n) (18) 

m+n>3 

It is clear that KQg{V) is quasi-isomorphic to the graded space KQg{V). 

Now we are going to define "the right" operations q^q^ on KQ^iV). First we 
consider the forms on the open top dimensional stratum. 

Let ^'j = ^'j (8) [uJi] and Qj = Qj [uJj] where ^'j's and 0j's are as above. We consider 

the total degree: deg^'j = deg^'j + deg[u;i], and analogously for Qj. Here all forms LOi 
except the one are differential forms on the top degree stratum in K{rn\ + 1,1) and the 
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remaining one is a form on the top dimensional stratum in K(mi + l,no). Analogously, 
the all forms a;^'s except one are forms on the top dimensional stratum in K{1, rii + 1), 

and the remaining one is a form on the top dimensional stratum of K{mo,ni + 1). 

The operation q^q^ itself is associated with a stratum a of codimension 1 in 

K{m,n). The stratum a is canonically isomorphic to x Ki^^^} -^^^^ ^ ^ 

(here in the upper index at the first factor there are ni of I's and uq is at the s'th 
place, and in the second factor in the lower index there are mi of I's and mo is at the 
s"th place. First of all, construct a differential form ujtot on this stratum a of degree 
^jdega;^ + J^jdegWj, starting from the forms Wj's and a;^'s. The construction is as 
follows: 

Consider the projections pi, . . . ,Ps-i,Ps+i, ■ ■ ■ ,Pni+i- ^ K{mi+1, 1) 

which is just the forgetting map which forgets the all upper points except the i'th for 
Pi, and the forgetting map Ps'. K{mi + l,no). Then take the wedge 

product Vti = /\^li^p*{oJi) on Analogously, define the projections pj 

and define the form Ho = A"!li^^p'*t(;' on K?]'^^ i ^ i i • Then consider the form co := 
Oi M0,2 on the product K^_^'^'-^ x K^\'^^ i mo i !• This is, by definition, the form 

LO defined on the open stratum a = j^^'^^^—_^^''^oA,---A ^ ^ i ^ of codimension 1 

in K(m, n). It is clear, that dcgcu = dcguoi + degWj. 
Now define the composition ^^^^"'j'"^"'"^ as 

01©2---0mi+l 



(19) 



It is clear that in this definition the degree condition holds. Indeed, we need to 
prove that 

deg^i + ■ ■ ■ + deg^ni+i + degOi + • • • + dege^i+i + (2 - (mi + m + 2)) = 

degH-Ei A +deg[a;]^ (20) 

We have: deg^j = deg^j + degw, — (mi + 1 + 1 — 3) = 1 + degWj for i 7^ s 
and deg = deg ^ s + degtJs — (mi + l + no — 3) = 1 + degtOg. Analogously, deg Qj = 
deg Qj + deg ^ — (ni + 1 + 1 — 3) = 1 + deg oj'j for j s' , and deg B^/ = deg 6^/ + deg lo'^, — 
(ni + l+mo-3) = l+deg^;,. Also, deg[a;]<, = ^^^+Mega;i + ^p+Meg^ - (m+n-4) 
where m = mo + mi and n = n^-Vrtx (here m + n — 4 is the dimension of the stratum 
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a), and deg 



^l'I'2...'^ni+l 
©102...Sm-^ + l 



m + n — 2. Then (|2n|) reduces to 




m + n — 2 + deg + deg — (m + n — 4) (21) 



which surely holds. 

Remark. It is clear now the origin of our problem with the "naive" definition of the 
composition on the level of KQg{V). Namely, our ^ and Q there is identical to \I' ® [ujq] 
and Q [lo'q] where ivq and uj'q are top degree differential forms. Then the resulting 
form uj on the stratum o" is by dimensional reasons except few simplest cases (when 
(mi,ni) = (0,0) or (1,1)). Then, the naively defined operation should be from our 
point of view except these 2 cases. On the other hand, when the degrees of the forms 
Wj's and cjj^s are sufficiently small, the answer could be non-zero. 

It remains to consider the general case, when the forms uji^s and w^'s are defined on 
strata of any codimension (the previous case is the case of codimension 0) . 

1.3.1 The case of arbitrary strata 

First of all, define a compactification of the space Kmi,'.''!^mi^ ■ For each 1 < i < ii 
and 1 < J < ^2 we have a projection pij: Kmi,..'!^mi^ — > K{mi,nj) (we suppose that 
rui + Uj > 3. Consider the map YiijPij- ^mi',...',"!^^ — ^ Hij ^("^«' ''^j)- Clearly it is an 
embedding. Next, consider another embedding i: Y\ij K{mi,nj) — > Y\,-j K{mi,nj). The 
composition i o {YiijPij) is again an embedding. It embeds the open space -fCmi',...',™^^ 

to a compact space. Define the compactification as the closure of the image 

of this embedding. It is a manifold with corners with the natural stratification, defined 
analogously with the stratification of K{m,n). 
We give the following definition: 

Definition. Let Mi,M2 be two manifold with corners, and let s: Mi M2 be a con- 
tinuous map. We say that s is a map of manifold with corners iff the preimage of each 
stratum in M2 is a manifold with corners, and the manifold with corners Mi is glued from 
these preimages (as a manifold with corners). Moreover, we demand that the restriction 
of s to the preimage of each stratum a in M2 is a trivial bundle, the fiber of which is a 
manifold with corners, and the total space of this bundle, as a manifold with corners, is 
the product of the open space a with this fiber. 

Conjecture 1. (i) the map pij defines a map of manifold with corners 



Pij ■■ K, 




K{mi,nj), 
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(ii) the imbedding v: X K'^^'^l^no i i ^ K{m,n) (m = mo + m\,n = 

no + ni) is continued to a map of manifold with corners i^: kI^^']^{^°'^"''^ x 

Define now the compositions - ~ " ~ ^ — in the general case as follows: 



Consider a stratum a of some codimension in kI^^']^{^°'^"''^ . All images 



Pi : kI^^']^^^^'^'"'^ — > K{mi + 1, Nj) (here = 1 for all i except ? = s for which Ng = no) 

are single strata in K{rn\ + 1, A?j) according to Conjecture l(i). Define the image of a 
with respect to the map pl hy Ui. As well, consider a stratum a' of some codimension 

in -ftr"!.^i\mo,i,...,i- Consider the maps p]' : i^r,!.;';L„,„,i....,i -> K{Mj,ni + 1). Denote the 
stratum in K{Mj,ni + 1) which is the image of a' with respect to the map pj' by a'j. 
We start with forms uji (of some degrees) on the strata cjj in K{mi + l,Ni), and with 
forms LOj (of some degrees) on the strata a'j in K{Mj,ni + 1). Let = (8) [wjjo-. and 

6j = Qj (g) [t^jlcr' where ^'i's and @/s are as above. 
We define the composition ^^^^ ^"^^^ as 

M^-S-^ (22) 

eie2...e„i+i eie2...e^i+i 



where the stratum S in Kim, n) and a form oj on it are defined as follows: 



Define the form Vli on stratum a in kI^^'^^"""'^'"'^ as f^i = ^^^^Pi*^ii and define the 
form Q.2 on stratum a' in Kilt,i,„n).i,...,i ^ ^2 = /\^=i^Pj'*'^'j- Now consider the form 
Q.I Kl on the stratum tr x cr' in x i^i^^^i i i- According to Conjec- 

ture l(ii), the image of the stratum a x a' in kI^^']^{^°'^"''^ x -fi^"^!.^i^TOo,i,.--,i ^ single 
stratum S in K{m, n). Define now S as the image (it can be not the isomorphic image) of 
a X a' with respect to the map ia'- kIi'^'^^-^^"'^'"'^ x K^^^^l^mo,!,...,! ~^ K{m,n), and define 
the form J7 on K{m, n) as the direct image (the integration along the fiber) of the form 
r^i M ^2 with respect to the restriction of v to the stratum a x a' (which is a trivial bun- 
dle) . We consider only the case when codim ^^^^_^-^ Af j *^^ codim ^^^^ ~ 

codim — 1 — fi;-! — r a x a' . In this case, the formula above for 

obeys the L^o grading condition. The proof is straightforward. 

We define the composition ~ ^-'^ -""^^^ as in all other cases. 

0102. ..©mi+l 

The following conjecture has the crucial meaning, at the moment we have no ways 
to prove it. 
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Conjecture 2. The compositions i^^t^^ ^C^^^ defined above are compatible with the 

0102---Wmi + 1 

(total) differential in B"{m,n) 's. 

2 The extended Kontsevich space K{m^n;s) and the 
Propagator 

2.1 The definition of the space K{m,n;s) 

Consider the direct product P = x R-^- of the plane with coordinates (x, y) with 
the half-hne M+ with the coordinate A, A > 0. We denote by (x, y, A) the coordinates 
of a point in x M4.. Consider the disjoint union of P with the two hues: Pi = 
P|J{(M, 0, 0)} |J{(0, M, 00)}. Define the foUowing configuration space of points in Pi: 

Conf„^„.s = {Pi, • • • ,Pm G (]R,0,0), Pi / pj for i / j, 

gi, . . . ,gn € (0,R,oo), Qi ^ qj for i ^ j, (23) 

tu...,tseR^x M+, ti / for i / i} 

The action of the 3-dimensional group on Confm,n (see Section 2) can be continued 
to an action on Confm,n;s- Indeed, define a product on x R+ as fohows: 

(xi, yi, Ai) • (x, y, A) = (Aix + xi, Af^y + 1/1, AAi) (24) 

This group R^ x R is exactly G^. Then it is clear that it acts on Confm,n;s (see formula 
(jS))). This action is free when m + n + s > 3. Denote in this case the quotient space 
Confm,,n;s/G^ by K{m,n; s). It is a smooth manifold of dimension m + n + 3s — 3. We are 
going to compactify this space in a way compatible with the compactification of i^(m, n) 
introduced in Section 2. 

2.2 The 3-dimensional Eye and the Propagator 
2.2.1 The 3-dimensional Eye 

Here we compactify the space K{0, 0; 2) which is 3-dimensional. We call the space 
K{0,0;2) the 3-dimensional Eye by the analogy with the Kontsevich Eye ([Kl], Sect. 
5.2). The Propagator constructed below will be a form (with singularities) on the 3- 
dimensional Eye. On the other hand, this simplest example illustrates (the all) new 
ideas which appear in the compactification of the extended Kontsevich spaces. We de- 
scribe all strata of codimension 1 in K{m, n; s) in the next Subsection. 

We consider an oriented pair of points (ti,i2) in x Then using the action of 
the group G^ we can fix one of them, say ti. Then we suppose that ti = (0,0, 1) and 
there is no group action. Then we should compactify the space 

P = {t = (x, y, A) G r2 X R+, (x, y. A) / (0, 0, 1)} (25) 
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It is easy to compactify near the point (0,0,1): we just cut-off a sphere around this 
point. The other boundary components arise when the point t tends to oo. Let us 
describe them: 

First consider the case when the point t tends to infinity when the coordinate A is 
finite. Consider the projection p: {x,y,X) h-> {x,y). The the two lines (for the values 
A = and A = oo are the coordinate axis (see Figure 8 below). The degenerations of 
codimension 1 are then the configurations when only one among the two coordinates 
after the projection tends to infinity. They are "separated" by faces of codimension 2 
when the both coordinates x, y tend to oo. Let us explain how we compute the dimension 
of the strata: when one coordinate tends to oo, it is defined only up to a finite summand. 
Therefore the only coordinates on the moduli is another coordinate on the plane (after the 
projection), and the coordinate A. Therefore, the strata of codimension 1 are "separated" 
by the strata of codimension 2 corresponding to the cases when both x,y tend to oo. 
More precisely, they are separated by the lines x = y and x = —y in Figure 8. Thus, we 
have 4 faces of codimension 1 which are corresponded to the following 4 cases: 

(i) a; S> 0, y is finite (positive or negative), 

(ii) y ^ 0, a; is finite (positive or negative), 

(iii) X -^0, y is finite (positive or negative), 

(iv) y <^ 0, X is finite (positive or negative). 

These are the all strata of codimension 1. There are 6 strata of codimension 2. First 4 
among are: 

(A) x > 0, y > 0, 

(B) x < 0, ?/ > 0, 

(C) a; < 0, y < 0, 

(D) a; > 0, y < 0. 

The last 2 faces of codimension 2 are obtained when A tends to and to oo. We show 
these strata in Figure 8. Finally, The 3-dimensional Eye is the tetrahedron without a 
small ball inside (corresponded to the case when t is close to (0,0, 1) (see Figure 9). We 
designated the strata of codimension 1 in Figure 9. 

2.2.2 The Propagator 

We define a Propagator 2-form as a closed 2-form cf) with singularities on the 3-dimensional 
Eye such that: 

1) the form cf) has singularities only at the edge {A = 0} of the tetrahedron. 
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Figure 4: The strata of codimension 1 in 2-dimensional projection 

2) the restriction of the form ^ to the 2-dimensional sphere (around the point (0, 0, 1)) 
is the volume form on the sphere normalized such that the integral over the sphere 
is equal to 1, 

3) the restriction of the form (j) to the other boundary components (besides the sphere 
and the interval {A = 0}) is 0, 

4) the singularity at the edge {A = 0} has the form described below. 

Consider the rectangle P\ which is the horizontal section of the tetrahedron by the plane 
z = \ where A is close to (see Figure 9). Let x and y be the coordinates on the rectangle. 
We say that x € [—1, 1] and y € [— e, e] for a "very small" e. Roughly speaking, we want 
that in the limit A — >^ the restriction of the Propagator 2-form to our rectangle would 
be f{x)5{y)dx A dy where 6{y) is the Dirac delta-function with the support at y = 0, 
and f{x) is any positive function with the support in the open interval (—1, 1) and such 
that Jj'^j^ f{x)dx = 1. Notice that the Propagator 2-form should be not defined when 
t G {A = 0}, there we have the Propagator 1-form which is, by definition, the 1-form 
f{x)dx where f{x) is as above. So, the above description is not a description at A = 0, 
but when A ^ 0. 

Let us prove that such a Propagator 2-form exists (it is more or less clear that if it 
exists it is defined up to a homotopy in an appropriate sense): 
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Figure 5: The 3-dimensional Eye 

Consider the part of the 3-dimensional Eye which is above the rectangle P\ (see 
Figure 9), where A is a sufficiently small number (it is important only that the cute-off 
sphere is above it). We call this part the truncated 3-dimensional Eye. 

Definition. We say that a map of the truncated 3-dimcnsional Eye to the 2-dimcnsional 
sphere S"^ is spherical it maps the sphere inside the tetrahedron homotetically to the 
sphere 5^ , maps all the boundary of the truncated tetrahedron except the rectangle Px 
to a point p e S'^, and it maps the domain I? C Pa to the sphere and Pa \ -C* to the 
point p ^ S'^ such that the factor-space D/dD maps isomorphically to 5^ in the way 
compatible with the orientation. Here the domain D is any domain like it is shown in 
Figure 10. It should be any simply-connected domain having a non-empty intersection 
with {y = 0} C Pa. 




Figure 6: The domain D in the rectangle Pa 

It is clear that such a map exists and is homotopically unique. Then, starting with 
a spherical map, we can easily construct a Propagator 2-form. First, define it on the 
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truncated rectangle as 7r*(a;) where tt is a spherical map, and to is the volume form on 
normalized such that ^ = 1- Then consider the cone which is the complement 
to the truncated tetrahedron in the tetrahedron, and continue the Propagator form to a 
form with singularities in a natural way. We should be careful about the smoothness of 
the form, but it is possible to make it smooth. Then we define the Propagator 1-form 
at the edge {A = 0} as follows: we consider the direct image of the restriction of the 
Propagator 2- form on P\ with respect to the projection of Pa to the P\n{y = 0}. 



2.3 The compactif ication K{m,n;s) 



Here we define a compactification K{m,n;s) of the space K{m,n; s). 

Recall our notations Si,3, ^2,2, and Sa^i for the possible samples of 4 points on the 
2 boundary lines (see Section 1.1). Now denote by the all possible pairs of points in 
K{m, n; s) among the s inner points, and denote by T,\ the all possible pairs of points in 
K{m, n; s) one of which is an inner point, and another is a points on the upper or lower 
boundary line. For a G we have a map To-: K{m,n;s) K(0, 0;2), and as well for 
(7 G S} we have a map r^- : K{m, n; s) K(l, 0; 1) or to K{0, 1; 1). In the sequel we will 
denote the last two spaces by one symbol K{%; 1). We have the direct product of the 
maps Vf^: 

r= Y[ • 

fT6Sl,3 U S3,l U S2,2 U s2 u 

K{m,n;s)^ JJ i^(l,3)x JJ K{2,2) x JJ K(3,l)x 

"■6^1,3 (^^^2,2 CGSs^i 

H K(0,0;2) X H K{^;1) (26) 

It is clear that the map r is an imbedding. We know how to compactify each space in the 
right-hand side. It is the 3-dimcnsional eye for K(0, 0; 2), and a part of the 3-dimcnsional 
eye (which we imbed into the 3-dimensional eye) for K(%; 1). Then we can imbed each 
space in the r.h.s to its compactif acation, and then take the closure of the image in this 
imbedding. This is, by definition, our compactification K{m,n; s). 

Remark. In the Kontsevich paper on deformation quantization, one also can compactify 
the space Crri^n ii^ this way. But for a pair of inner points we should consider the 
corresponding point of the Kontsevich eye. Kontsevich attached just the corresponding 
angle for a pair of inner points. In this way, he does not get an imbedding, and therefore 
automatically he gets a wrong compactifacation, which does not coincide with his right 
compactification described in the terms of trees. When one considers a point of the 
Kontsevich eye instead of the corresponding angle, we get the right described in trees 
compactification . 

We claim the following lemma: 
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Lemma. (i) The space K{m,n;s) is naturally a manifold with corners, 

(ii) The projection p: K(m,n;s) K{m,n) can be uniquely continued to a map 
p: K{m,n;s) K{m,n) which is a map of manifolds with corners. 

□ 

Now we describe all strata of codimension 1 in K{m,n;s). We define the dimension 
"of a point" as follows: it is equal to k if we need to know ki 1-dimensional 4-point 
ratios, ^2 3-dimensional 4-point ratios, ki + 3/s2 = k, and this number can be not made 
less. 

The images with respect to p of the strata of codimension 1 in K{m, n; s) are either the 

stratum of codimension in K{m, n) (we call these strata of codimension 1 in K(m, n; s) 
the strata of codimension 1 of the first type), or are strata of codimension 1 in K{m,n) 
(we call them the strata of codimension 1 of the second type). First list all the strata of 
codimension 1 in K(m,n; s). 

Strata of codimension 1 of the first type 

51.1 si points from the s "inner" points move close to each other, to a finite point, and 
for a finite value of A, si > 2, 

51. 2 si "inner" points at a finite distance from each other move to infinity for a finite 
A, and such that only one coordinate among x^y tends to oo. 

Strata of codimension 1 of the second type 

S2 A typical stratum is drawn in Figure 7. The reader should remember that the 
two lines are crossing (that means two lines in a 3-dimensional space which do not 
intersect). On these two boundary lines we have exactly the picture from Figure 
2. The points inside the circle A are in finite distances everywhere. The points 
inside the circles B and C are infinitely far to the right and to the left from the 
circle A. When we apply an infinite shift to the circle B the points inside it will 
be everywhere in the finite distances, the same is true for the circle C. (Remember 
that the boundary lines are crossing^?). On the lower line we have several groups of 
points infinitely close to each other, the distances between the groups are finite. The 
lower and the upper infinities have the same order. When we apply the transform 
(0, 0, A) G for infinite A to Figure 7, the lower line will look like the upper, and 
vise versa. 

Remark. It was a remarkable insight of Maxim Kontsevich that the lines should be 
crossing. 



2.4 The direct image p*(u^) of a closed form uo on K{m,n;s) 

Consider the projection p: K{m,n; s) K(m,n). Let a; be a smooth differential form 
(not necessarily closed) on K(m,n; s). The smoothness here means that it is a contin- 
uous form such that the restriction of it to each open stratum is smooth. What is the 
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Figure 7: A typical stratum S2 of codimension 1 



"right definition" of the pushforward (oj) which should be an element of the bicomplex 
B**{m, n)? The usual definition as the integration over the fiber is not good because it is 
a trivial bundle over a single stratum a, but the fiber changes from stratum to stratum. 

Definition. Let p: Mi M2 be a map of manifolds with corners. Let a; be a homoge- 
neous element of some degree k— dim Mi in B**{Mi). It means that oj = 0Jq+uI+u;2 + ■ ■ ■ 
where lOq is a form of degree k on the ith stratum of codimension 0, is a form of de- 
gree A; — 1 on the jth stratum of codimension 1, and so on. Define the direct image 
p^: B'*{Mi) — > B**{M2) as the following map of degree 0: The image is de- 

fined as the sum am,nP*'^m ^^^^ m,n. Here by we mean the integration over 
the fiber. By the definition of a map of manifold with corners, the image of each 
stratum a in Mi is a stratum ])*(o") in M2, and dimF + (i\mp^{a) = dime where F 
is the fiber over ^^,(0"). The degree of the form p^{ijjl^) is degwjjj — dimF, therefore 
dego;^ — dimcr = (dega;^ — dimF) — dim]5^(cr) = degp^(a;JJj) — dim ^^(cr). Therefore, 
we obtain a map p^ : B"{Mi) B*'{M2) of degree 0. 
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As we will see now, the following result is just an application of the Stokes formula. 
Proposition. The mapp^,: B"{Mi) B"{M2) is a map of (total) complexes. 

Proof. First of all, we need the following "relative" version of the Stokes formula: 

Lemma. Let E and B he smooth manifolds with boundary, and let p: E ^ B be the 

trivial bundle with fiber F which is a compact manifold with boundary (thai is, E = 
B X F). Let LO be a differential form on E, we denote by p^u the direct image which is 
the integral of u along the fiber F . Then we have: 

p^dw = {p\dF)*ijJ + dp^u (27) 
where d is the de Rham differential. 

Proof. As p is a trivial bundle, we can decompose the de Rham differential on E into the 
sum of its horizontal component dhor, and its vertical component dyert, d = dhor + dyert- 
Therefore, p^duj = d^or^ + fp, dyert^- By the Stokes formula, the second summand is 
Jqp u. The first summand is dhor Jf^ ~ dp*u. □ 

Now we prove the Proposition. It is enough to consider the case when the element oj 
of the bicomplex has only one component, which is a form on a simplex a. We need 
to prove: 

p^{d£L) -p^^\q^ = dp^n - {p^^)\dpa (28) 
which follows immediately from Lemma above and from the straightforward relation 

PMda - {P*^)\pda = {p\dF)*^ (29) 

where F is the fiber over a. □ 



3 The formality equation and the quantization of Lie 
bialgebras 

3.1 The first look at the formality equation 

The components Uk of the analog of Kontsevich L^o morphism is a sum over graphs. 
To each graph we attach two things: these are a map from Hom(A®"^, ^®"), and a top 
degree differential form on a configuration space. Moreover, this top degree differential 
form is the product of the differential forms attached to the edges of the graph (we do not 
assume that these are necessarily 1-forms). Let us try to outline the situation, starting 
with these very general principles. 
We want to construct a map 

Uk-. a'' {5i) ^ e2[l - k] (30) 
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where as above 31 = ©m,n>i Hom(A'"(y), A"(F))[— m — n + 2], and 02 = 
©m,n>i Hom(A®™, 74'^"')[— m — n + 2]. We know that Qi is the Poisson Lie algebra, 
and expect for an Loo-structure on 02 for which U is an Lqo map. This explains the shift 
of degree on 1 — /c in (|5n|) . 

Let us compute the degrees. We compute Uki^ji, ■ ■ ■ ,jk)- Suppose that 7, G 
Hom(A"'y,A^'y). Suppose Z^fc (71,..., 7fc) € Hom(^®'",A®"). Then it follows from 
(inni) that 

A: 

^(ai + 6i-2) + (l-A:) = m + n-2 (31) 
The last equation is equivalent to 

k k 

^ai + ^bi = m + n + 3k-3 (32) 

i=l i=l 

Now we can express the left hand side trough the number of edges of the graph. Namely, 
we distinguish the "inner" edges and the "external" edges. We suppose that we have 
some boundary in the configuration space with m + n points there, and the interior, with 
k points. There are no edges between m + n boundary points. Then each edge contain 
at least one inner vertex. We call the edge internal, if the both ends of it are inner, and 
inner, if only one among the two ends is inner. Then it is clear that 

k k 
i=l i=l 

(Indeed, the number of edges starting and ending at the ith. inner point is ai + bi by 
the assumption, we count then each inner edge twice and each external edge one time). 
Finally, we have: 

2tt^inner + tt^externa/ = m + n + 3A:-3 (34) 

We interpret the last equation as follows: the dimension of the configuration space should 
be equal to 3fe + m + n — 3, and we should attach a 2-form to each inner edge, and a 
1-form to each external edge. The dimension 3A: + m + n — 3 of the configuration space 
means that the "boundary" points should belong to some 1-dimensional space, inner 
points-to a 3-dimensional space, and there is an action of a 3-dimensional group on the 
configuration space. 

We made this computation in the very beginning of this work together with Maxim 
Kontsevich, and then he invented the spaces K(m, n; s) as an appropriate candidates. 
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3.2 The admissible graphs and the corresponding operators in 

Hom(A®"*, A^") 

3.2.1 The admissible graphs 

We will integrate over the spaces K{m, n; s) some differential forms of the top degree, 
associated with admissible graphs . We associate with any inner edge of this graph the 
Propagator 2-form constructed above, and with any external edge the corresponding 
1-form. 

Definition. Admissible graph T is an oriented graph with labels such that: 

1) the set of vertices Vr is {1, . . . , s} U {i, . . . , m} U {1, . . . , n}, 3s + m + n > 3, the 
vertices from the set {1, . . . , s} are called vertices of the first type, the vertices from 

the set {1, . . . , m} are called the lower vertices of the second type, and the vertices 
from the set {1, . . . ,n} are called the upper vertices of the second type, 

2) every edge {vi,V2) G E-p starts at a vertex of the first type or at an upper vertex 
of the second type, and ends at a vertex of the first type or at a lower vertex 
of second type, vi G {1, . . . , s} U {1, . . . , n}, V2 € {1, . . . , s} U {1, . . . ,rn}, if both 
vi,V2 G {1, . . . ,s}, the edge is called inner, other edges are called external, there 
are no (external) edges between two vertices of the second type, 

3) there are no simple loops, that is edges of the type {v,v), there are no multiple 
external edges, but there are can be multiple inner edges, 

4) for every vertex k of the first type the sets of edges 

Star{k) = {(ui,f2) £ Ey\v\ = k] 

and 

End{k) = {{vi,V2) G ii'r|^'2 = k} 
are labeled by symbols (s^., . . . , s^'^*"''^*^^) and (e^, . . . , e|^"'^^'^^). 

The simplest examples of admissible graphs are shown in Figure 8. 
Remark. Notice that we do not fix the number of the edges of F in this definition. 

3.2.2 The polydif f erential operators associated with admissible graphs 

For an admissible graph F with s vertices of first type, (m, n) vertices of second type, we 
associate a map 

$r : <^'A'iV e V*) Hom(A®"* ^ - s] 



23 




r4 



Figure 8: The simplest admissible graphs 



Recall that F is a Lie bialgebra, A = S*{V*) is a free commutative cocommutative 
associative bialgebra, and 

deg(Hom(A^(y), A^{V)) = deg(Hom(y4®\ A^^)=i + j-2 

Let 71,..., 75 G Hom(A*(y), A*(F)). Then $r(7i, • • • , 7s) is non-zero only if ji G 

We are going to write a formula for 

Mli,---,ls){fi,...,fm)eA^^ 

The formula is the sum over all labelings of the edges of T by indices running from 1 to 
d, d = dim V: 

$r= Yl ^r,7 (35) 

I: Er^{l,...,d} 

where each $r / is 



n 



. _veVr, 
\v^i for some i 



(36) 



The product • here means the product 

(ai (g) ■ ■ ■ (8> a„) • (6i (g) ■ ■ ■ (g) 6„) = ((ai ■ bi) 



{an ■ bn)). 



At each vertex v of the first type, the function '^y is a constant: it is the matrix 
element for 7^ , 



A - ■ ■ Ax 



^Starv\ 



A ■ ■ ■ A X 



> 



(37) 



Now at each lower vertex of the second type, the function is a partial derivative 
of fv- 



= I n I fv 

.eeEr,e={*,v) 



(38) 
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and the function associated with each vertex v of upper first type is 

= I n ^'^'^ ] (39) 

\eeEr,e={v,*) J 

Now the formula for the summand is given by formula H36() . 
The formula (|c{6|) is equivariant with respect to the linear group GL{V) because it 
uses only invariant operations. 

Example. For the first graph Fi drawn in Figure 8, the map : A'^'^ ^ ^4 is the 
product: 

^ri (/i O /2) = /i • /2 
For the second graph F2 in Figure 8, the map : ^ ^"^^ is the coproduct: 

<i>r,(/) = A(/) 

Consider the third graph F3 in Figure 8. It defines a map '■ — ^ A when in the 
unique inner vertex is placed the structure map c^^- : a'^V^V. By the definition above, 

d 

^r3(/i®/2)= 4^fc9,(/i)a,(/2) = {/i,/2} 

i,j,k=l 

where {, } here stands for the Kostant-Kirillov Poisson bracket on V* . 

For the fourth graph F4 drawn in Figure 8, we have a map <I>r4 '■ A A^"^ where in 
the unique inner vertex is placed the cobracket cP^^ : V a'^V. By our definition, 

d 

i,j,k=l 

which is equal to the Poisson cobracket of /. 

3.3 The differential form Qr associated with an admissible graph F 

Consider an admissible graph F with m lower vertices of the first type, n upper vertices 
of the first type, and s inner vertices (of the second type). Suppose it has ^Einner edges 
connecting the inner vertices and tt-E'externai edges one the end-points of which is a vertex 
of the first type (upper or inner). We attach to the £th inner vertex of F an element 7^ 
of the Poisson Lie algebra g* = ©m,n>i Hom(A™'(l/), A"(y))[— m — n + 2] where F is a 
finite-dimensional vector space. If 7^ € Hom(A™''^(y), A"*(y)) than at the inner vertex i 
there are n£ edges starting at this vertex, and rrii edges ending at this vertex. Then we 
have: 

s 

E deg 7^ = 2^Einner + ^E^^ternal " 2s (40) 
f=l 
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Now we attach to the graph a form Or on the space K{m, n; s) as follows: 

Each edge (inner or external) a of F defines a map ja ■ K{m, n; s) — > K{0, 0; 2) to the 
3-dimensional Eye (see Section 2.2). We have constructed the Propagator 2-form (/) (for 
inner edges), and the Propagator 1-form (f)Q (for external edges). Now define 

^^r= A ■?^('^)^ A (41) 

which is a form (with singularities) of degree 2^Einner+^Egxternai on the space K{m, n; s). 
(The labeling of F allows to fix the ordering in the wedge product). The singularities are 
only ^-singularities, and the form absolutely converges. 

Remark. More precisely, we consider an object like the product of 5-functions which does 
not rigorously exist. For this we define all constructions above with the Propagator and 
the configuration spaces defined from the truncated 3-dimensional Eye (see Section 2.2.2) 
and then take the limit when the rectangle P\ tends to the interval (A = 0). This is a kind 
of regularization we use here. In the sequel we always have in mind this regularization 
and never consider these problems. 

In Section 3.2.2 we attached also an operator <I>r(7ii • • • ) 7s) £ Hom(j4®™, A®") where 
A = S{V*). 

Define now a map 

Ur: A'igD^K'Gsll-s] (42) 

defined as ^ 

Z^r(7i A ••• A7s) = -Alt^$r(7i,---,7s) ®P*^^r (43) 

Here p: K{m,n;s) — > K{m,n) is the natural projection, and p^{^lr) is considered as an 
element of B"{m, n) which has the only one nonzero component-the form p^(fir) on the 
top dimensional open stratum in K(m,n). 

Let us prove that the shift of grading is correct: indeed, by (|in|l . ^^deg7^ = 

^Einner + ^Eexternal " 2s. One needs tO prove that 2^Einner ~l" ^Egxternal — 2s + (1 — s) — 

deg<I>r + (degp^(J7r) — (m + n — 3)). But deg^r = m + n — 2 and degp^(S7r) = 
2(J£'j„„er + ^Eexternai - 3s. We are done. 

3.4 The "formality" equation: a Conjecture and a Theorem 
Fix s > 0. Define 

W,(7i,...,7s)= E ^r(7i,---,7s) (44) 

m,n,m+n>3 T£rm,,n;s 

where Tm,n;s are the graphs F with m lower vertices of the first type, n upper vertices 
of the first type, and s inner vertices. When 71, . . . , 7^ are fixed, the number 2^Einner + 
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^Eexternai IS fixed, and therefore the degrees degJlr and degp^(J7r) are fixed. Consider 
such m, n that degp^Op = m + n — 4 (for 1 less than the maximal). 
The form p^^r is not closed: by Lemma 2.4, 

(tp^Vtv = pM^r) - p\dF^r (45) 

The first summand is because the Propagator is closed. Finally, we have: 

(lp^nr+p\dF^r = (46) 



Both forms are top degree forms on K(m,n). Let us integrate the equation over 
the fundamental cycle in K{m,n). We have: 

i (tp.^v + i p\dF*^T = (47) 

J K{m,n) J K{m,n) 

Consider the equation: 

$r(7i,---,7«)-(/ dp,nr+ f_ p\aF*^T) = Q (48) 

m+„+3s-4 JK(m,n) JK{m,n) 



rer: 

where F™"^"^"^^*"^ denotes the graphs with m lower vertices of first type, n upper vertices 
of first type, s vertices of second type, and for which 2^Einner + ^Eexternai = m+n+Ss—A, 
and F is the fiber. 

By the usual Stokes formula, we can rewrite: 

[_ dp,nr= [ p,nr (49) 

JK{m,n) JdK{m,n) 

It is clear that only boundary strata of codimension 1 will contribute to these formulas. 
These strata have been described above. Now we prove the following theorem: 
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Theorem. For fixed s > 1 we have the following relation for each m,n: 

l^wi {lii ) • • • ) liw-^ ) • • • ^wt-wi_i (7iiu^_i +1 ) • • • ) 7iw^ ) 



E 

l<i<i<s 



^Wg + l-We + l ) • • • ! Titu^ , ) • • • ^S-IUf + ^/.i (Tjiu ,_ +1 ) • • • ) 7is ) 



+ / 2^ ±Z^s-i({7i,7j},7i>---,7i,---,7i,---,7s) = 

K{m,n) 



(50) 

This is our "formahty" theorem. Let us explain what is written here. We 
take the sum over all strata a of codimension 1 in K{m,n). We associate 
with each stratum of codimension 1 the corresponding operation yiy^-.-yni+i -y^j-^gj-g 

©l62...6m-^+l 

all ^''s and 0's are our components Ua- We write this operation now as 

W»i(7nv,7iii,i)-W»f-»<._i(7i»^_;^+i,-,7i»P \ u /) J el 

Tj 1 r— 77 7 r . ihe numbers t and i are 

'^lUf+i-iuf i7i^^+i v,7im^_^j ;---"s-ii.^^^,_j1.7j„^_^^,_^+i .•••:7is; y ^ 

uniquely defined from the combinatorics of a. The numbers {wi} are not defined uniquely, 
we take the summation over all possibilities. Finally, we alternate over 7j's, taking the 
sum over all permutations from the permutation group S^. The idea is that in the com- 
ponents Ui the corresponding factor in B" could he not the top degree form, we take the 
operation on them, and in the result (when we integrate) only the top degree component 
will contribute (see also the definition of the Integral map in Section 2> A A). Therefore, 
our condition on s,m,n and the graphs F is that F G F™"^""^^*"^. It means that in !15(I\) 
we take the sum over all such graphs. The combinatorial factor Ni,„\ is — rrp ■ 

We prove the Theorem in Sections 3.4.2-3.4.3 below. First of all, discuss that the 
Gerstenhaber-Schack differential [GS] is hidden in the first summand of the equation 



3.4.1 The "formality" relation and the Gerstenhaber-Schack differential 

First of all, recall what the Gerstenhaber-Schack differential of a (co)associative bialgebra 
A is. Recall, that it is a differential on the Gerstenhaber-Schack complex 

i^Gs(^) =e„^,„>iHom(^®™,A®")[-m-n + 2] (51) 

Now let ^ : A^"" A^" e K™+""2(^). We are going to define the Gerstenhaber-Schack 
differential dGs(^) G Hom(A®^+i), A®")eHom(^®™, ^^("+i)). Denote the projections 
of dcs to the first summand by (dGs)i) and the projection to the second summand by 
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(f^Gs)2- The formulas for ((iGs)i and (^03)2 are: 



((iGs)i(^)(ao «) ••• ®am) = 
A"(ao) * ^'(ai ^ ■■■(g) am) 

m—l 

+ ^ (-l)*+^^'(ao • • • (oi * aj+i) ®---®am) 

i=0 

(-l)™"^^(ao O • • • a™_i) * A"(a^) 

(52) 

and 

(dGs)2(^)(ai®---<»am) = 

(A«(ai) * A«(a2) * • • • * A«(a^)) ^(A(2)(ai) • • • A(2)(a„)) 

n 

+ ^(-l)'Ai^(ai® •••(g)a™) 
j=i 

+ (-l)"+i^(A«(ai) A«(a2) ® • • • ® A«(a„)) {A^^\ai) * A(2)(a2) * • • • * A(2)(a, 

(53) 

Here we symbolically write A(a) = A^^^a) (g) A^^)(a) having in mind the sum of several 
such terms, A(a) = J2i ^!^'*(fl)®^i^^('^)) where A is the coproduct in A, * is the product 
in A, and Aj = Id (8) • • • (gi Id (g)A Id (g) • • • (8) Id where A is apphed to the i-th factor. 

Now we show that the all terms in formulas (|52|) and (|53|) are corresponded to some 
boundary strata of codimension 1 in K{m + 1, n) or K{m, n + 1). 

(A) (B) ^ 

• • • • • • • • • 



finite distances finite distances 



finite distances finite distances 

> •« • — • • • • • •- 

1 

00 



Figure 9: Non-boundary terms in the Gerstenhaber-Schack differential 

The non-boundary terms (the second lines in the right hand-sides of the formulas 
for the Gerstenhaber-Schack differential) are corresponded to the strata drawn in Fig- 
ure 9(A) for {dGs)i and in Figure 9(B) for (^05)2- (See Figure 2 above for the picture of a 
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general stratum of codimension 1). In the Figure 9(A) the stratum is K{m, n) x -fC(2, 1). 
The space K{2, 1) is a point, and we take the function (zero-form) 1 as the corresponding 
element in B"{2, 1). Analogously for Figure 9(B). 

The boundary terms (the first and the third lines in the r.h.s. of the formulas) of 
the Gerstenhaber-Schack differential are drawn in Figure 10 (for {dGs)i) ^-nd Figure 11 
(for (^05)2) below. In the Figure 10 (A),(B) it is shown the two boundary terms (the 



(A) 



(B) 



finite distances 



finite distances 



finite distances 



-• • • — •- 

finite distances 



Figure 10: The two boundary terms in (dcs) 



(A) 



(B) 



finite distances 



finite distances 



Cxo 



finite distances 



finite distances 



Figure 11: The two boundary terms in (^^5)2 



first and the third lines, correspondingly) of the formula H52() . The boundary stratum 



X K. 



1,1,. ..,1 



The second factor is 0-dimensional. We need to 



for Figure 10(A) is K^. 
construct a form on -R'f^ to define the composition with values in B" . The canonical 
map K'^^ —5- K(m, n) is an isomorphism, and we just take the pull-back of the form lv on 

K{m, n) where ^ = '^®uj and we compute {dGs)i{^)- Analogously for the Figure 10(B), 
and for the Figure 11(A),(B). 

We see that we can rewrite some of the summands in the first line of (|50|) to distinguish 
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the Gerstenhaber-Schack differential among these terms. Roughly speaking, these are 
exactly the strata of codimension 1 such that they are the products of two factors one 
of which is a point. 

Now we are passing to the proof of the Formality Theorem. 

3.4.2 We begin to prove the Formality Theorem 
It follows from formulas ()48() and H49() 

$r(7i,---,7s) • (/ %^r+ I pIofMf) = (54) 



J- ti m,,n;s 



for fixed m, n, s, 71, . . . , 7^. 

We claim that the first summand of ^54] ) is equal to the first summand of \5U\) . and 
the second summand of \54^ is equal to the second summand of i5(J\) . At first, by the 
dimensional reasons only the strata of codimension 1 do contribute to H54() . First concern 
on the first summand. 

Consider a boundary stratum a in K{m,n; s) of the type S2 (see Figure 7). There 
are 7i's in the inner points. We should prove that the corresponding graphs are of a 
special form which give exactly 



{jfcjGSs {to} y^wi+i-weili^^ + i, • • • , 7j»^_,.i ) • ■ ■^s-w)f+(./_i(7i„^_^^,_^ + u ' ' ' ^^^s) ) ^ 

(55) 

We mean that the differential forms corresponded to other graphs give 0. Let us first 
draw the graphs which give (|55|1 . 

Consider for simplicity the case of K[2,2]s). Schematically, the picture is shown in 
Figure 12 below. Here in the picture the distances between the points on the boundary 
lines are (a bit informally speaking) infinite, and the inner points are close to the 4 
external points. So, the inner points form the 4 groups (relatively to which point on the 
boundary it is closed). Between points of each group there is a "inner life" , it means that 
there are some edges between the points inside each group. We show by the thin lines 
the only edges (oriented) between the points in different groups. They are all oriented 
from the top to the bottom. This picture is very good to show what kind of edges we 
have, but it is little bit informal. When we are interesting which distances are 00 and 
which are finite, Figure 13 below is better. Here the two points A and B are in a 
finite distance from each other, and the distance between the two upper boundary points 
is 00. The inner points at a finite domain are divided into 2 groups (the triangles Ti 
and T2 in Figure 13). There are no edges from a point of a one triangle to a 
point of another. There are also inner points infinitely close to the boundary points 
A and B (the distances between them are of order ^). There are some edges between 
these points. When we apply the infinite transform (0, 0, 00) € G^^^ to Figure 13, the 
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Figure 12: A typical graph which contribute to the boundary strata of the second type 

configuration will be "symmetric": the upper hue will look as the lower line before the 
transform, and wise versa. The picture in Figure 12 shows better what kind of edges we 
have. 

Compute the weight J^p^^lr ^or a and F shown in Figures 12,13. It is clear that the 
integral factorizes into the product of 4 integrals. The graph F has m + n + 3s — 4 edges 
(here in the example m = n = 2), and each factor in the product is the weight of a graph 
Fj with rui + m + 3si — 3 edges {i = 1 ... 4). These graphs Fj are admissible graphs, 
which contribute to Ui in formula H55() . Now we should prove that the corresponding 
operator $r is equal to q^q^ where is $ri where Fi is the graph inside the triangle 
Ti in Figure 13, ^'2 = where F2 is the graph inside T2, and Qi and ©2 are 
and <I>r4 where to see F3 and F4 we should first apply to Figure 13 the infinite transform 
(0,0,00) G G^^\ It follows from the definition of <I>r- 

Now we have the following lemma: 

Lemma. Each graph F which contributes to the first summand of \54\) factorizes as is 
shown in Figures 12,13 into "disjoint union" of 4 graphs (that is, there are no "bad 
edges" shown in Figure 13). 

Proof. Consider an edge connecting a point from the triangle Ti with a point from 
the triangle T2 (see the "bad edge" on Figure 13). Consider the corresponding point 
of the 3-dimensional Eye (see Figure 5) corresponding to this oriented pair of points. 
It is clear that this point belongs to the boundary of the tetrahedron, but not to the 
closed interval (A = 0). Then the value of the Propagator 2-form on this edge is 
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Figure 13: A better picture for a stratum of the type S2 



by the construction of the Propagator in Section 2.2.2. All other graphs belong to the 
" factorizable" pictures. □ 

We considered here the case when m = n = 2. The general case is absolutely 
analogous. 

It remains to consider the second summand of H54|) . In the second summand of 
(|54|) we have the boundary strata of K{mn;s) of the first type (see Section 2.3). It is 
clear that the strata SI. 2 do not contribute to the integral: as in the lemma above, the 
corresponding "limit" edges belong to the boundary of the Tetrahedron but not to the 
interval (A = 0), and the Propagator vanishes on them. If there is no edge connecting the 
limit point to the finite configuration, the integral vanishes by the dimensional reasons. 

There remain the strata Sl.l when several inner points move close to each other. 
We claim that only the case when two inner points move close to each other and are 
connected by a single edge does contribute. It follows from the "Kontsevich lemma in 
dimensions > 3 which we need in dimension 3. It is true also in dimension 2 but the 
proof (given in [Kl]) is more complicated. In dimensions > 3 this lemma was found 
by Kontsevich in his study of the Chern-Simons theory (see, e.g. [K4]) but we do not 
know any place where the proof is written. Below we reproduce the original Kontsevich's 
proof. 
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3.4.3 Kontsevich Lemma in dimension > 3 

Consider the configuration space Conf„(M) defined as follows: 

Conf„(R'') = {(pi, ...,pne M!^),pi ^ pj for i + j} (56) 

There is a (d + l)-dimensional group G[d) acting on the space Conf„(R'^). This is the 
group of all d linearly independent shifts and 1-parametric family of dilatations. Consider 
the quotient 

C„(M'^) = Conf„(R'^)/G((i) (57) 

If n > 2 it is a smooth manifold of dimension — (d + 1). For any two points 

there is the restriction map tij : Cn(M'^) ^ C2(M'^) ^ S'^-\ Consider the volume form 9, 

on the sphere S*^'^. Denote the pull-back t*j9 by flij. 

Lemma. Let d > 3. Consider an (oriented) graph T with n vertices and e edges such 
that e{d — 1) = nd — d — 1. Associate with T a top degree form fip on C„(M'^); 

(the order in the wedge product is irrelevant) where Ey is the set of the edges ofV. Then 
the integral ^^d) ^^r always converges and is nonzero only in the case n = 2,e = 1. 

Proof. We prove that when d > 3 there exists at least 1 vertex of F of the valence < 2 
(the valence is defined for F as for an non-oriented graph). Indeed, suppose that the 
valences of the all vertexes are > 3. Then the number of edges Jj£^r > By our 
assumption, e{d—l) = nd — d — 1, therefore, nd — d—1 > (^)(d — 1). The last inequality 
has no solutions for d>3. 

Denote by u a vertex of valence < 2. Consider independently the 3 cases when it is 
0,1,2 and prove in all cases that ^j^^^ f^r = 0. 

If the valence of u is then the integral is by dimensional reasons because it is an 
integral of a form of degree nd — d—l over a space of dimension nd — 2d—l. Analogously, 
when the valence of v is equal to 1, put another endpoint of this edge to a fixed point 
(we can do it using the group G{d)). Then the integral by v is an integral of {d — l)-form 
by M*^ which gives 0. 

Consider the case when the valence of v is 2. We want to prove that f^, ^jg^^ f^r = 0. 
Consider the symmetric integral over v' (see Figure 14). The sign of the transform 
i}: V 1—^ v' is (— l)'^. Suppose the points 1 and 2 are fixed and we integrate only over v. 
We have: 

[ A = i-l)'^ [ ^iv A (59) 

We have: Oi^/ = (—1)^^02^ and Q,2v' = {—^J'^^iv Then we have: 

/ Qi^ A = (-1)"^ / n2v' A (60) 
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Figure 14: The proof of the Kontsevich lemma 

But Q2v' ^iv' = ^iv' /\ ^2v'j s-iid the integral equal to itself multiplied on 

(^—l^d+{d-i] equal to —1 for all d. Therefore, the integral is 0. □ 

We finish to prove Theorem 3.4. In the second summand of H54() only the boundary 
strata of type Sl.l contribute. The integral factorizes to the product of two integrals one 
of them is an integral of the type of Kontsevich lemma (in dimension 3). This lemma 
claims that the only case which contributes to the integral is the case when two inner 
points connected by a 1 edge move close to each other. It gives exactly the second 
summands in (|5U|) . 

Theorem 3.4 is proven. □ 
3.4.4 The "Formality Conjecture" 

Consider the bicomplex B'*{m,n). As it was noticed before, it has the only cohomology 
in degree which is 1-dimensional. There is a very natural map 

j : B"{m,n) C[0] (61) 

which is a quasi-isomorphism. Namely, let 17 = uJm+n-3 + + ■ ■ ■ + u)i + ujq he a, 

general element of B*'{m,n)[0] where uji is a linear combination of top degree forms on 
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strata of codimension i. Define now the map J as 



i^) = / UJm+n-3+ / 1" / ^1+ / t^O 

J JK(rn,n) JcodimiT=l J codimiT=m+n— 4 v/codim(T=m+n— 3 

(62) 

and define the map / as on B'*{m,n)[k\ for k 0. It follows immediately from the 
Stokes formula that the map / vanishes on the boundaries in B** (m, n) , and it defines 
a quasi-isomorphism. 

It motivates the following "Formality Conjecture": 

Conjecture 3. There exist the components Ur '■= Alt^ <I>r(7i, . . . , 7s) (p*^^r + D^l^) 
where D is the differential in B" (that is, Uy differs from Ur on a boundary in B") 
and the corresponding Us = n Srer^ „ such that the following "formality on 
the level of complexes" holds (here we do not fix m,n, only fix s): 



E E E± 



{lii 7 • • • ) liw^ ) • • • ^Wi—we-i (7i™^_j+l) • ■ ■ ) 'Jiw^ ) 



codimo-=l {wj} \J^we+i-we {liw^+i ' • • • i '^iw^+i ) • • • j+i ) ■ • • > 7is ) 

+ E -,11, Is) =0 

l<i<j<s 

(63) 

The meaning of this Conjecture is that if we would "add" some other terms to our 
structure depending on the strata of codimension 1 to Kgs to have a "pure" L^o struc- 
ture, the Conjecture above would express that this structure is formal, that is, is equiva- 
lent to its cohomology = ©m,n>i Hom(A™'(F), A"(y))[— m — n + 2]. In the Subsection 
below we show how the Lie bracket on g* (which is a Poisson Lie bracket) is hidden in 
the operations corresponding to the strata of codimension 1 in K{m,n). 



3.4.5 The strata of codimension 1 and the Lie bracket on g* 

First of all, formulate the following result: 

Lemma. (i) For any (co) associative bialgebra, the Gerstenhaber-Schack differential is 
indeed a differential, that is, {{dGs)i + {^08)2)^ = 0, 

(ii) in the case of the free commutative cocommutative (co) associative bialgebra A = 
S{V*) where V is a finite- dimensional vector space, the Gerstenhaber-Schack coho- 
mology o/g* = Kq^ is isomorphic to g* = ©m,n>i Hom(A'"(F), A"(F))[— m— n-|-2], 

(Hi) the following analog of the Hochschild-Kostant-Rosenberg map <p: g* ^ g* (^n the 

case A = S{V*)) defines an isomorphism on cohomology where the map is the 
operation $r corresponding to the following graph T: 
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Figure 15: The analog of the Hochschild-Kostant-Rosenberg map 



Proof. We just sketch the proof here. We need to compute the Gerstenhaber-Schack co- 
homology in the case of bialgebra A = S{V*). The two components of the Gerstenhaber- 
Schack differential form a bicomplcx. We can use any of the two canonical spectral 
sequences to compute the cohomology. Compute first the cohomology of the differen- 
tial {dGs)i- We have the Hochschild cohomological complexes here Hoch*(^, M^) where 
Mfc = A^'', and the bimodule structure is given by the left and the right multiplications 
on A^~^{a). First we need to compute this Hochschild cohomology (for all k). For this 
we need a more direct description of the bimodule M^. For any Lie algebra g consider 
the left action of g on the universal enveloping algebra U (g). Consider the tensor product 
of k of such g-modules. Then we obtain the corresponding ?7(g)-module structure on 
U{q)'^^ . In the case of Abelian Lie algebra Q = V* this structure on S^V*)"^^ coincides 
with the left action on our bimodule. The analogous construction works as well for the 
right action. Therefore, we need to decompose the g-(bi)module i7(g)'^'^, and then we get 
automatically a decomposition of the corresponding [/(g)-(bi)module. It is easy to do in 
the case of an Abelian Lie algebra g (for g = V*). Namely, S{V*)®^ is the algebra of 
polynomials {/(t'l, • . • where vi G V . The action of 1^* is / (^('^i) + ' " ■+?('^A;))'/ 

for ^ G V*. Now polynomials f{vi + • • • + v^) form a submodule (with respect to the 
both left and right actions) which is isomorphic to the bimodule A = S{V*). It is clear 
then that as an yl-bimodule, A®^ = A® A^^^^ where in the bimodule structure A acts 
(tautologically) only on the first factor (that is, it is a direct sum of infinitely many copies 
of A). We can identify A®'^'^ with {/(f i — 1^2, '"i — "^3, ■ ■ ■ , '"i — 

Therefore, by the Hochschild-Kostant-Rosenberg theorem, the cohomology of the dif- 
ferential (^^5)1 in the k-th row is T'oiy{V) ® Now we can compute the second 
differential on the image of this cohomology in Kq^ with respect to the Hochschild- 
Kostant-Rosenberg map, and then we get that the second term E2 of the spectral se- 
quence is isomorphic to g*. We need to prove independently that under the map of the 
item (iii) of this Lemma g* is imbedded to the cohomology. □ 
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Now the following question arises: which operations on the (homotopical) 
Gerstenhaber-Schack complex K^g among the operations corresponded to the strata 
of codimension 1 in K{m, n) define on the cohomology the Poisson Lie bracket on g*? 
Here we answer this question. 

Let * G Hom(^®'"i+\y4®'^o) and 6 G Hom(^®"^o, Define $ = ^' wi 
and @ = & UJ2 where the form oJi is a top degree form on the top dimensional open 
stratum in K{mi + l,no), and the form uj2 is a top degree form on the top dimensional 
open stratum in K{mQ,ni + 1). Define all other data in the operation corresponded to 
the stratum of codimension 1 in K(m, n) drawn in Figure 2 as *"^^ (8) 1 and A"i (8) 1 when 
the I's above are considered as zero degree differential forms on K{mi + 1, 1) and on 
K{l,ni + 1) correspondingly. Then the composition 



and the form uj in the r.h.s is a top degree form on the stratum a in K{m, n). 

Even if we suppose that this operation when uj\ and (j02 are not top degree forms is 
zero, it is well-defined (the latter means it is compatible with the differential in B**). 

We claim that on the cohomology (of both differentials in B** and of the 
Gerstenhaber-Schack differential) this operation defines exactly the Poisson Lie bracket in 
fl* (when we take the sum over all a with fixed mo, mi, no, ni). Moreover, our Hochschild- 
Kostant-Rosenberg map is a " Lie algebra map" up to a boundary. This is an initial point 
for the construction of the "formality" morphism. 



3.5 Deformation quantization of Lie bialgebras 

Let y be a Lie bialgebra. Recall that it means that we have a G Hom(A^y, V) and 
(3 G Hom(y, A^F) such that {a, a) = 0, {/?,/?} = 0, and {a,/?} = (where {,} denotes 
the Poisson Lie bracket in g*). 

Define a product and a coproduct on Siy*) as follows: 

/*5= E TtA E ni%'Ur{a,...,a,P,...,l3){f(^g) (65) 

^l/2>0 ^' ^' ppT.3{<?l+<?2) 

and 

^*(/)= E ^ hi^hi^Uria,...,a,P,...,(3){f) (66) 

h,e2>0 ^' ^' Pf;T3(«l+«2) 
'- l,2;«i+^2 

Here in the right-hand sides of the formulas we have ii of a's end £2 of /^'s- The values 
of Ur are top degree forms on K(2, 1) and K(l, 2) which are just points, and we identify 
the function on them with the numbers. 
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Theorem. The product f * g and the coproduct A*(/) defined above satisfy the axioms 
(i)-(iii) of (co) associative bialgebras (see the first page of the Introduction). 

Proof. To prove the associativity, apply the fomiaUty theorem to the space 
K{3,l;ii +I2) and to 71, . . . ,7f, = a, 7f,+i, . . . , 7£,+£2 = (3. 

To prove the coassociativity, apply the formality theorem to the space 3; ^1 + ^2) 
and to the ^{'s as above. 

To prove the compatibility, apply the formality theorem to the space K{2, 2;£i + £2) 
and to the 7i's as above. □ 

Notice that we obtain a 2-parametric deformation quantization of Lie bialgebras. 

3.6 An informal discussion about why we have not an structure 
here 

Probably the most strangeness among the strange things in this paper is that the right- 
hand sides of our "formality" do not obey the -Lqo Jacobi identity. Here we want to 
explain a geometrical cause for that. 

Suppose that we have a collection of open manifolds and of their compactifications 
Mfe which all are manifold with corners such that any face of codimension £ is a product 
of ^ + 1 different Mj's (maybe these are not the most right conditions for the description 
in general). Then when we compute the boundary operator dMj^ we get a quadratic 
expression in Mj's which is the sum over the all strata of codimension 1. Then suppose 
we have a stratum of codimension 1 of which is a product Mj x Mj . How to compute 
the boundary d{Mi x Mj)l The most natural is to suppose that the Leibniz rule for d 
holds. (Of course, we have in mind that the strata are labeled by some combinatorial 
objects like trees, and the Leibniz rule should be understood in this sense). For example, 
in the case of Stasheff polyhedra the Leibniz rule holds. 

Suppose we have something like an "algebraic representation" of the family {Mj}. 
It means that we associate to each space Mk a graded vector space Vk and to each 
stratum of codimension 1 an operation on (BkVk- Suppose that these operations are 
compatible with the boundary operations. The latter means that if a stratum a\ can 
be obtained by a "degeneration of codimension 1" from a stratum cr, and a stratum c72 
can be obtained by a degeneration of codimension 1 from a stratum tJi, then it implies 
that the corresponding compositions can be also obtained functorially one from another. 
Then the Jacobi identity is an immediate consequence of the Leibniz rule for the boundary 
operator d. This is more or less in the spirit of the Markl's paper [Ml]. It follows from 
the identity = for the boundary operator. 

But we can imagine the situation when the Leibniz rule is not satisfied. For instance, 
it could be an operator of the second order. It means that to compute the boundary of 
any stratum we need to know the boundaries of strata of codimension and of strata 
of codimension 1. Then the Jacobi identity will be replaced by a more complicated 
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structure. Probably, it will be an odd vector field Q on L[l\ such that = (not 
= as in the Loo-case). 

In our situation the problem is that the Leibniz rule is not satisfied. Let us explain 
how it works: 

Consider the space K{m, n) constructed in the paper. We canonically identify a 
boundary stratum a of codimension 1 with a product of two spaces of different type, 
-^mi+i'"°'^' ^ -^r^^imo 1 1- Then wc compute the boundary of a of codimension 1. 
Probably, for the spaces and -^"^^i^^ i i the Leibniz rule is satisfied. 

The map i : /^i- •^i "" !'- -,! ^ ^ ^ ^ K{m, n) is an imbedding. But the canonical 

extension ^ I^i^'^ima i i ^ K{m,n) is not an imbedding. In particular, 

it maps the boundary of codimension 1 to the boundary of a of codimension 1 surjectively, 
but it contracts some components to points. Therefore, the Leibniz rule is satisfied 
modulo these components. 

It is very interesting to understand the whole structure arising from this construction. 
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